Most of current cosmological theories are built combining an isotropic and homogeneous manifold with a scale factor that depends on time. If one supposes a hyperconical universe with linear expansion, an inhomogeneous metric can be obtained by an appropriate transformation that preserves the proper time. This model locally tends to a flat Friedman-Robertson-Walker metric with linear expansion. The objective of this work is to analyse the observational compatibility of the inhomogeneous metric considered. For this purpose, the corresponding luminosity distance was obtained and was compared with the observations of 580 SNe Ia, taken from the Supernova Cosmology Project (SCP). The best fit of the hyperconical model obtains χ 2 0 = 562, the same value that the standard ΛCDM model. Finally, a possible relationship is found between both theories.
I. INTRODUCTION A. Motivation
Eddington [1] used the analogy of a balloon to explain Hubble's law. According to this heuristic model, if we draw galaxies on a balloon surface that is inflating, the galaxies are separating from each other in a similar way as our universe is expanding. Therefore, parallelism is carried out between the balloon 2-surface (2D) and the 3-surface (3D) of our universe, with the radius expanding as a function of time. The balloon expansion implies a time dimension, and its curved 3-surface implies that it is contained in a larger dimensional space. The balloon model of Eddington corresponds to a 3-spherical universe embedded in a 4+1 space-time manifold.
Modern cosmology is based on General Relativity (GR), i.e. it is constructed on pseudo-Riemannian manifolds M with a Lorentzian metric g, usually noted as (M ,g). For instance, let M ⊆ R n+1 be an (n + 1)-dimensional Lorentzian manifold with n spatial dimensions and one temporal. This work uses the (1, n) signature referring to one positive and n negative eigenvalues of the metric, and notes R 1,n η := (R n+1 , η 1,n ) for the Minkowskian manifold (typically n = 3) with this signature, i.e. with a flat diagonal metric η 1,n := diag(1, −1, ..., −1).
Most of observations support the standard cosmology, including the Cosmic Microwave Background (CMB) and type Ia Supernovae (SNe Ia). However it requires some assumptions to explain the known "horizon and flatness problems" and why the universe began to expand. Particularly, inflation theory attempts to complete the cosmology theory using a hypothetical super-rapid expansion in the early stages of the universe, which could favour the high homogeneity and isotropy of the universe today. However, this theory presents some problems: According to Penrose [2] , Steinhardt [3] , an inflationary universe is much less probable than a non-inflationary universe, and Earman & Mosterín [4] , Hollands & Wald [5] argue that no observations support the validity of this theory.
Current cosmological theories are based on the ΛCDM model, constructed using the Friedmann equations and the Friedmann-Lemaître-Robertson-Walker (FRW) metric. This model requires fitting several parameters according to cosmological observations [6] . The most important fitted parameter is the cosmological constant, which is related to dark energy.
Modified Gravity (MOG) theories are being tested in order to find alternatives to dark energy, but they are still inconclusive [7, 8] . Moreover, they are resurging cosmological theories based on fewer parameters, such as the linearly expanding model, which seem to be compatible with observations [9, 10] . In this sense, Eddington's idea about the embedded universe can be useful to develop these unconventional cosmologies.
B. Problems of the current theory
Despite the good agreement with CMB measurements from international projects such as COBE, WMAP and Planck, some problems are found in the current cosmological theories. Probably, the most important problem of the ΛCDM theory is the no-direct detection of the cosmological constant, or its related dark energy, outside the framework of the theory. Despite the high precision of recent cosmological measurements, some authors describe tensions between several measurements when interpreted within the ΛCDM models [11, 12] . In fact, important errors could occur when applying General Relativity to cosmology, as the formulation of this theory does not guarantee that it is valid at cosmological scale. Another limitation of the Friedmann Equations is that they assume the universe can be approximated as a perfect fluid, but this is not the case in general.
In addition, the Friedmann-Lemaître-RobertsonWalker (FRW) universes consider spatial and temporal factors are separable. In particular, spatial coordinates can be written using comoving coordinates and a scale factor a(t) varying with time t. However, some problems are found for embedded manifolds. For example, if the universe is characterised by an expanding 3-sphere S
and centred in the origin (singularity in t = 0), the scale factor is a(t) = R(t)/R(t o ) and total spatial coordinates are = a(t) ∈ S 3 R . Therefore, the line element contains both spatial and temporal differentials, i.e., d = a(t)d + da(t). However, the FRW universes assume the spatial differential does not contain any temporal differential: d = a(t)d . In this way, the FRW metrics have differential lines:
Using an adequate transformation, the additional temporal term da(t) can be absorbed into the spatial term a(t)d , but producing a radial inhomogeneity (see Sect. II). Therefore, even for the simple case of a 3-sphere expanding as R(t) = t, the (isotropic and homogeneous) embedded manifolds cannot be described by the FRW metric due to the resulting inhomogeneity (under the intrinsic view).
On the other hand, several coincidences cannot be explained by the standard model: Why is the temperature isotropic in regions initially disconnected ("horizon problem")? Why is energy density approximately equal to the critical density ("flatness problem")? Why is the age of the universe close to the Hubble time? What is the origin of dark energy? Is it possible that other models can explain all these issues?
The apparent coincidence between the current age of the universe (t 0 ) and the current size of the Hubble sphere (1/H 0 ) has been recognised by other authors [10, 14, 15] . For this reason, alternative cosmological models are based on the equality 1/H = t, such as the Milne or Dirac-Milne model or Melia's universe [9, 16] . These models have been criticised because they predict an equation of state of w = −1/3, however the criticisms are based on the assumption that Friedmann equations are valid (and they are not necessarily valid) [17] . For instance, Jimenez et al. [18] demonstrated that observations of the universe's flatness are based on the assumption of validity of the current model and, changing the frame theory, the same observations can be explained using another geometry, even with positive curvature.
This work focuses on the same simple hypothesis (linear expansion), but analyses the curvature tensor according to the view of a hypothetical observer located in the hypersurface of an expanding universe of positive or negative curvature. This contrasts with the Dirac-Milne universe, which assumes a negative curvature in a classic FRW metric [9] . The starting point of the new metric is the construction of a 4-dimensional Lorentzian manifold embedded into the flat 5-dimensional Minkowskian space-time.
The aim of this work is twofold. Firstly, a new method is presented for obtaining radial inhomogeneous metrics by using the extrinsic view of an (embedded) homogeneous and isotropic universe with linear expansion. The inhomogeneity is built through an appropriate transformation that preserves the proper time. Secondly, the model is tested comparing the theoretical and empirical luminosity distance using data from Type Ia supernovae.
C. ΛCDM model
A reminder of the standard cosmological theory is required in this work in order to present a comparison with the new results. FRW metric is obtained by combining a manifold with constant spatial curvature K and a scale factor a(t), which expands with time t. One can suppose the spatial section of the universe is a 3-sphere S
where R is the radius of curvature (i.e., a general curvature is K = ±1/R 2 ). The Euclidean space (flat universe) can be taken as the limit as K approaches zero. With this, the square of the line element in comoving spherical coordinates (t, r , θ ,φ) is:
where dΣ 2 := dθ 2 +sin 2 θdφ 2 . Scale factor a(t) represents the expansion of the universe, and hence the Hubble parameter is defined as H :=ȧ/a. The Ricci tensor R αβ is calculated using the metric g αβ deduced from Eq. 2, and thus, Einstein field equations are obtained according to:
where R is the Ricci curvature scalar, G is the gravitational constant, Λ is the cosmological constant and T αβ is the stress-energy tensor. If one assumes an homogeneous perfect fluid at rest (of density ρ and pressure p) and calculates the Ricci tensor, the following Friedmann equations are obtained:
If critical density is defined as ρ crit := 3H 0 2 /8πG, where H 0 is the current value for the Hubble parame-ter, Eq. 4 is usually rewritten as:
where ρ Λ is the dark energy density, defined as ρ Λ := Λ/8πG. Assuming that matter density ρ is cold (non ultra-relativistic), its equation of state p = wρ is approximately w ≈ 0, and it varies by the expansion as a −3 . If the universe is dominated by radiation or ultrarelativistic particles, w ≈ 1/3 and ρ varies as a −4 . Therefore, Eq. 6 can be rewritten as:
where Ω i := ρ i /ρ crit are the ΛCDM parameters for radiation (ρ r ), matter (ρ m ), dark energy (ρ Λ ) and curvature (
Since redshift z depends on the scale factor as 1 + z = a o /a, trivially, the parameter Hubble H depends on the redshift z [19] . International projects assuming the ΛCDM model, such as the Wilkinson Microwave Anisotropy Probe (WMAP) and the Planck Mission, have estimated that Ω r ≈ 8.4 · 10 −5 , Ω m = 0.3089±0.0062, Ω Λ = 0.6911±0.0062 and Ω K ≈ 0. Due to the interest in this work, the parameter of curvature Ω K has not been neglected.
D. Measurement of cosmological distances
Some definitions are also required, especially to distinguish among the main cosmological distances: the lighttravel distance (or universe age), the comoving distance, the angular distance, the luminosity distance and the distance modulus.
Light-travel distance. If the Hubble time is defined as t H = 1/H, the light-travel distance or lookback time dt is linked with the scale factor 1+z as dt/t H = −dz/(1 + z). Therefore, the age of the universe can be obtained from the total light-travel distance [19] :
where F T is the time correction factor, i.e., the quotient between the Hubble time (H −1 0 ) and the age of the universe (t 0 ). For the ΛCDM model, it is:
Particularly, for a flat universe without any cosmological constant it is obtained ( Fig. 1 ). This leads to the hypothesis that linear expansion could be compatible with observations within an appropriate theoretical frame (see Sect. II and IV). Comoving distance. Another interesting measurement is the comoving distance r . This is given by the null geodesic with no angular variations (dΩ = 0 ) in the considered metric. This distance can be written using the redshift z and the Hubble parameter, H =ȧ/a, with the scale factor expressed as a/aô = 1/(1 + z) where aô ≡ 1 is the current value of a. For example, using spherical coordinates (t, r , θ, φ) in a diagonal metric g = (1, g r r , g θθ , g φφ ), the comoving distance is given by:
For a ΛCDM universe, one can find:
where
Angular distance. Angular distance r A is given by the proper area of an infinitesimal surface dA with t and r constant, i.e.:
For metrics with g φφ = −a 2 r 2 sin 2 θ and g θθ = −a 2 r 2 , the angular distance is related to the comoving distance as r A = ar .
Luminosity distance. Using the above result, the luminosity distance is r L := r A /a 2 = r /a, according to the Etherington's reciprocity relation [23] . Note that inhomogeneous metrics of the Lemaître-Tolman-Bondi (LTB) type also satisfy the same relation between the angular distance and luminosity distance [24] .
Distance modulus. The luminosity distance is empirically measured using the distance modulus (µ obs ), defined as the difference between the absolute (M ) and the apparent (m) magnitudes, i.e. µ obs := M − m, but modified by K-correction [25, 26] :
where K c is the K-correction, which is dependent on the spectral index α o :
The luminosity distance can be estimated using the apparent magnitude of the B-band, remembering that its maximum absolute magnitude is about -19 [28, 29] . However, it should be noted that K-correction is not unique [27] .
Minimisation problem. In order to reduce the above uncertainties, distance modulus µ obs is directly used in minimisation problems of cosmological models:
For a theoretical luminosity distance r L , the modulus is µ theo := 5 log(r L /Mpc) + 25. The theoretical distance modulus is usually rewritten using the current value of the Hubble parameter H o as:
whereM can be supposed as a redefined constant, which is degenerate with H 0 . The value of this constant can be obtained by minimisation, in each case, according to:
where σ µ obs,i is the error interval of each observed modulus µ obs,i . Finally, the Pearson's chi-squared χ 2 is taken as a contrast statistic or measure of discrepancy between the model estimation error and the observed error (sample variance):
In order to check the observational compatibility of a proposed model, the predicted distance modulusis compared with the observed one. For example, we can consider Type Ia supernovae from the Supernova Cosmology Project (SCP) Union2.1 database [30] [31].
II. GENERAL CONSIDERATIONS
A. Hypothesis of hyperconical universe
Let M ⊂ R 1,4 be a support manifold contained in the 5-dimensional Minkowski space, more specifically M := R ≥0 × R 4 , and with scalar product (·) given by the most elementary Lorentzian metric η 1,4 of signature (1, 4) . To restrict the 5-dimensional support manifold M to a 4-dimensional manifold H 4 , this paper explores a constraint condition based on a hyperconical universe with linear expansion. Particularly, the proper distance between two points X, O ∈ M is expanding as a function of an observable parameter time t ∈ R ≥0 :
where β o ∈ C is a constant respect to the time t ∈ R ≥0 but is dependent on the chosen O ∈ M . For simplicity, O is taken as the origin of the universe and β o is assumed as a universal constant. Let C := (T O M, I d , η 1,4 ) be a coordinate system or chart such that the coordinates of the points X, O ∈ T O M are respectively X = (x 0 , ..., x 4 ) and O = (0, ..., 0), with the identity function I d . For convenience, the coordinates of X are rewritten as (t X , r, u), where r := (x 1 , x 2 , x 3 ) ∈ R 3 is the ordinary 3-vector, u := x 4 ∈ R is the additional spatial dimension and t X := x 0 ∈ R ≥0 is the time dimension. Choosing coordinates such as t X = t, the condition of the hypersurface
Note that the hypercone with ν > 0 is an asymptotic limit of hyperboloid manifolds. In fact, if the constraint condition is taken as t 2 − r 2 − u 2 = α with constant α = 0, the spaces are known as de Sitter universes [32, 33] . Moreover, H 4 is not a Dirac-Milne universe because it admits positive spatial curvature.
The manifold (H 4 , η 1,4 ) is spatially homogeneous and isotropic with respect to C. The homogeneity of H 4 is verifiable because it can be foliated by spatial hypersurfaces Σ t such that, ∀p, q ∈ Σ t and ∀t, there exists a transformation (diffeomorphism) carrying the point p to point q and leaving the metric invariant. In other words, a spheroidal submanifold S 3 t can be defined for each time t as the intersection between the hypercone H 4 and the isochronous hyperplane at this time t:
Note that for β o > 1, the u component Wick-rotates and S case, the time coordinate t is considered as the age of the universe and the t-isochronous 3-spheroid or 3-parabloid S 3 t could be homeomorph to our expanding spatial universe (Eddington idea), locally conformally flat. Consequently, the universe manifold is globally hyperbolic, i.e, each S 3 t is also a Cauchy surface. In addition, H 4 is spatially isotropic. That is, the manifold H 4 can be covered by a set of timelike curves {X| γ } ⊂ H 4 and ∀p ∈ X| γ and ∀v, w ∈ T p S 3 t orthogonal to X| γ there exists a transformation (diffeomorphism) that, leaving p fixed, carries v to w leaving the metric invariant. These curves {X| γ } are called comoving observers.
The expansion of the universe is an absolute movement with respect to O = (0, 0, 0) C , which is fixed (respect to chart C). Therefore, the minimum movement of "particles" corresponds to the comoving observers, for example (t, 0, νt) C ∈ H 4 . These particles are interpreted as points at rest with respect to the expanding universe S 3 t .
B. Reference of an observer
According to an expected equivalence, an observer that lives in H 4 will measure local distances as in the Minkowskian space R 1,3 η := (R 4 , η 1,3 ). Therefore, the proper time must be the same. For instance, let x 0 , x 1 ∈ R 1,3 η be two static points of an observer with coordinates x 0 = (t 0 , 0) and x = (t, 0) with t > t 0 > 0. Their extended points in H 4 are x 0 = (t 0 , 0, νt 0 ) and x = (t, 0, νt), as we can take spaces R 
That is, some transformation is required to go from the extrinsic view of the manifold
g under a particular metric g. For instance, we can find a linear transformation T λ acting as
η such that
is satisfied. This implies that x 0 := T λ (x 0 ) and x := T λ (x ) have the same u-component to be cancelled, e.g. x 0 = (t 0 , 0, νλ) and x = (t, 0, νλ) ∈ (M, η 1,4 ), for some λ ∈ R. Let t ∈ R >0 and s ∈ R 4 be respectively the temporal and spatial components of a path X(t) = (t, s(t)) ⊂ H 4 . The transformation T λ is a deformation defined as:
Note that in general T λ : X(t) / ∈ H 4 , except for λ = t. Let x (t) = (t, 0, νt) ⊂ (H 4 , η 1,4 ) be the comoving path (observer) such that x 0 = x (t 0 ) and x = x (t) are the used points in Eq. 21. Because an observer performs measurements in t 0 and t, the deformed path x (t) = T λ (x (t)) must exist in H 4 during these measurements. Then the deformation must be such as λ = t, i.e. T t .
Thus, x = x and x 0 = (t 0
The above discussion (Eq. 20-23) is equivalent to saying that the observer fixes time coordinate for measurements using a initial time tô, but it is moving with respect to O := (0, 0, 0). Thus, its reference line is O := xô = T t (x (tô)) = (tô, 0, νt) ⊂ M (note that O is generally outside H 4 , except at t = tô). This reference line allows us to define the chart D := (TôM, T t , η 1,4 ).
According to the Eq. 23 the transformation produces a deformation of the distance measurements equivalent to the homomorphism f :
g . Thanks to this, the symmetric H 4 becomes an inhomogeneous manifold with metric g, i.e. R 
where r := | r|. Spatial components can be written in spherical coordinates as r = k r νt sin γ, where k r := r/r is the direction of r and γ ∈ [0, π) is the angle between the vectors X − O and O − O. For radial curves X = X| γ with a constant angle γ and constant direction k r with respect to O, it is satisfied that:
That is, a Hubble's law (d r/dt = r/t) is obtained as the relationship between the velocity d r/dt and the position r of the comoving particles. Therefore, we can distinguish between the variation of r due to the expansion of the universe and the one due to other causes. In this sense, comoving spatial coordinates r associated to r at time t are defined as those that are equivalent for the time tô if the only movement has been given by the expansion:
With this, coordinates of any curve X ⊂ H 4 can be written with respect to D as: g can be chosen such that u is removed leaving the other coordinates invariant, i.e.t(t, r) = t, r(t, r) = r, ∀ r 2 < ν 2 t 2 satisfying the constraint condition of H 4 . This projection is not surjective since its image is a subset of R 1,3 g . The map has inverse only if we limit the domain to the points of an hemisphere of S 3 t , i.e. for γ := tan −1 (r/u) ∈ [0, π/2). It is important to test surjective maps defined for one or both hemispheres, i.e. for domains in γ ∈ [0, π/2) and γ ∈ [0, π). These maps should be azimuthal and locally conformal projections, that is, ft(t, 0) ≡ t, fr(t, 0) ≡ 0 and fr(t, ) ≈ for | | t. Let y (t) := (t, 0, −νt) O be antipodal in S 3 t of the comoving observer x (t) = (t, 0, νt), with t ∈ R ≥0 . A diffeomorphism
g with:
where k r := r/r and γ = γ(r) := tan −1 (r/(1 − r 2 /ν 2 t 2 )). Finally, another surjective projection map
g is chosen such as:
For simplicity, we suppose thatt = f î t (t, r) ≈ t for all considered projections (according to the end of Sect. V.B, this is locally valid).
III. THEORETICAL FEATURES A. Differential line element and metric tensor
Let X ⊂ H 4 be any curve. The differential line element dX is easily obtained knowing that d r can be decomposed in spherical coordinates as d r = dr k r + r dΣ k Σ , where dΣ k Σ := dθ k θ + sin θ dφ k φ is orthogonal to the radial direction k r . According to the Eq. 23, and since dtô = 0, the square of the differential line element of X| D :
where we identify the curvature k
and the scale factor a := t/tô. It is easy to identify the elements of the metric tensor g µν for the universe described by the chart D. Defining b := 1 − kr 2 /t 2 o , non-zero elements are:
Note that g 00 has no problems for the case when k → 0, since there exists the limit case. Regarding chart D, some features can be highlighted. Symmetrical spatial elements g ii obtained from Eq. 30 are compatible with some FRW metrics, but elements g 00 = 1 and g 0r = 0, respectively, imply lapse and shift terms, as in the Arnowitt-Deser-Misner (ADM) formulation of gravity [34] . To compare g with the FRW metrics, a diagonal version of the metric is given by the coordinate change t := t 2k −1 (b − 1) + 1, which is equivalent to selecting g 00 = 1, g 0r = 0 and:
g φφ = −a(t , r ) 2 r 2 sin 2 θ (37)
where a(t , r ) = t /(tô 2k −1 (b − 1) + 1). Despite this, differences remain in the FRW metric, resulting in an inhomogeneous hypersurface, i.e. a radially dependent model. Particularly, the t -isochronous hypersurface is FIG. 2: Isochronous hypersurfaces normalised to universe age scale (to ≡ 1) for: a) Homogeneous space (t-isochronous), obtained considering coordinates such that g0r = 0 and g00 = 1; b) inhomogeneous space (t -isochronous), obtained considering coordinates such that g 0r = 0 and g 00 = 1.
similar to a paraboloid, in contrast to the homogeneous hypersphere given by the t-isochronous (Fig. 2) . Note that this radial inhomogeneity is not a LTB type because the scale factors of angular expansion a Σ := r/r = a and radial expansion a r := dr/dr = a (see [24] ) do not satisfy the relation a r = d(a Σ r )/dr for the function a = a(t , r ) expressed in terms of t and r .
B. Redshift-distance relation
This section seeks to obtain the relation between the comoving distance r , the scale factor a and the redshift z. For this purpose, firstly the null geodesic curve is obtained for a photon (dΩ = 0 ). Using the diagonal metric g (Eqs. 36-38) from the coordinate change t := t 2k −1 (b − 1) + 1 where b(r ) = (1−kr 2 /t 2 o ), the null geodesic curve is:
where we have defined aô(r ) := a(t ô , r ) with t ô = tô, i.e., aô = 1/ 2k −1 (b − 1) + 1. Then, the energy E of the photon along the geodesic is described using an affine parameter s and the linear momentum p := dr /ds:
In addition, according to the geodesic equation, it is obtained that: 
whereȧ := ∂ t a = a/t = aô/tô. Therefore, dividing Eq. 42 and 40 it is obtained that:
Since H :=ȧ/a = 1/t = (aô/a)∂ t (a/aô) only depends on time t , the integration of Eq.43 trivially is:
where E(t ) := 1/λ and Eô := 1/λô are respectively the emitted and received energy with wavelengths λ and λô. Therefore, redshift is:
and then, a/aô = 1/(1 + z). Taking the derivative with respect to t :
and using the null geodesic curve (Eq. 39):
where H = 1/t = aô/(tôa) = (1 + z)/tô is a function on z. Therefore, the proper distance r can be obtained from the redshift z. Particularly, the comoving distance r is given by:
Isolating the comoving distance and applying the map f î r (Sect. II.C),
Metric tensor g describes a universe with linear expansion, directly proportional to its age or time, t. That is, Hubble parameter is H (t ) = a −1 ∂a/∂t = 1/t , which can be written using a/aô = t /tô = 1/(1 + z).
C. Ricci curvature
The Ricci curvature tensor can be calculated from the Riemann curvature tensor defined for signature (1, 3) as:
where Γ µ αβ are the Christoffel symbols, which for the affine connection Levi-Chivita it is satisfied that ∇g = 0 and g is symmetric (without torsion). Therefore:
To obtain shorter expressions, we have worked with g µν instead of g µν , which locally coincide. After making the calculations, we can see that the time component of the Ricci tensor is R 00 ≡ 0 for all positions. This contrasts with the FRW metric, in which it is obtained that R
F RW 00
= −3ä/a. The spatial elements are:
Therefore, the manifold is only maximally symmetric in the spatial components (R ij = 1/3 · Rg ij ) at local scale (r = 0, i.e. b = 1). In this case, the spatial part of the Ricci tensor R ij approximates to R ij ≈ −2k(ȧ/a) 2 g ij . This contrasts with the FRW result:
Finally, the Ricci scalar curvature is obtained from the trace R := R α α as:
For the local limit (r = 0), the scalar curvature is simplified as R ≈ −6k/t 2 = −6/(νt) 2 , as a 3-sphere (of radius νt) embedded into R 1,4 . If k = 1, the Ricci scalar corresponds to the case of FRW metric with linear scale factor a = t/tô and curvature K = 0, i.e., this is apparently flat under the FRW view.
Despite the assumption of linear expansion with constant factor β o , this expansion could depend on the spatial coordinates ( r, u( r)), of course excluding the time t, and then a most general constraint is |X − O| η = β( r, u)t. In this case, the resulting curvature k = 1/(1 − β( r, u)
2 ) also depends on the spatial coordinates. However, we can normalise the local limit as k(0, u(0)) = 1.
IV. OBSERVATIONAL COMPATIBILITY A. Expansion of the universe
The proposed model suggests that the "radial velocity" of the expanding S 3 t is constant (ν = k −1/2 does not depend on time t) in contrast to the standard cosmology, which describes an acceleration [29, 31, 39, 40] .
The observational compatibility of the hyperconical model was checked using the 580 pairs of redshift and modulus distance from the Union2.1 database [30] [31] . Results were compared with the standard ΛCDM cosmology. Their corresponding luminosity distance are:
where r ΛCDM is given by the Eq. 11, r hyp is given by Eq. 49 and f î r is the projection (Sect. II.C). The curvature parameter k of the hyperconical model and Ω K of the ΛCDM were fitted from the minimisation of χ 2 for the distance modulus (µ theo ) predicted by each model (according to Eq. 15). All error measurements are expressed in terms of one sigma confidence interval, obtained from the variation of χ 2 . As a result, the values of χ 2 were minimised up to χ 2 0 = 562 for both the projected hyperconical and ΛCDM models (Fig. 3) On the other hand, the age of the universe is also analysed. As the model proposed describes a universe that expands linearly with time, there is an equivalence between the Hubble time and the age of the universe (F T = 1, according to Eq. 8). To contrast this hypothesis, it is required to obtain model-independent measurements of the expansion of the universe and the age. For instance, globular clusters can be used to estimate the lower limit of the age of the universe, but high uncertainty is found for the distances, and thus for the bright- [20, 36] .
Regarding the local-to-global ratio (H 0(L) /H 0(G) ) of the Hubble parameter fitted to the SCP SNe Ia data [37] , the best fit when H 0(L) /H 0(G) = 1 is the well-known Ω M = 0.28, Ω Λ = 0.72 cosmology found by Perlmutter et al. [38] . These values coincide with the ones which lead to the F T close to one. That is, the universe has expanded so that just today H o = 1/t o , although standard theory denies the possibility that H = 1/t. With the model proposed in this paper, the coincidence of F T ≈ 1 could be no accident.
B. Friedmann equations compatibility
Friedmann equations are the result of two assumptions. First, Einstein field equations are applied at the cosmological scale; but perhaps they are only valid locally because they describe the intrinsic curvature caused by a certain distribution of energy density. Second, a perfect fluid stress-energy tensor is considered for the Einstein's equations, leading to homogeneous and isotropic solutions (FRW metric). Therefore, Friedmann equations are obtained assuming that spatial differential d of the universe expands with a unknown scale factor a(t) as d = a(t)d , and then possible solutions of a(t) are sought. In contrast, this study starts from a space-time that expands as = a(t) with a known a(t) = t/tô, i.e. the expansion does not depend on matter content. However, GR must be satisfied at least locally and then possible solutions of the energy distribution can be sought.
Taking the Einstein tensor as G αβ := R αβ − g αβ R/2, and assuming Einstein field equations are valid at least at local scale,
where G is the gravitational constant, Λ is the cosmological constant and T αβ is the stress-energy tensor. Since R 00 = 0 and locally R ≈ −6k(ȧ/a) 2 , the temporal component of the Einstein tensor is G 00 ≈ 3k(ȧ/a) 2 . And since locally R ij ≈ Rg ij /3, spatial components are
2 . For convenience, it is considered the local normalisation k o := k(0, u(0)) = 1.
Assuming that the universe is formed by a perfect fluid with pressure p and density ρ, its stress-energy tensor is T αβ = (ρ + p)u α u β − pg αβ . If the fluid is at rest, u α = δ 0 α , the Einstein equations are locally:
We can interpret that universe energies (Gρ and Λ) are implicitly defined in Eq. 61 and 62 at the local scale. That is, the energy distribution of the universe can be obtained as a solution of these equations. The equations can be rewritten as:
Comparing Eq. 63 and 64 with the Friedmann equations obtained in the FRW theory (Eq. 4 and 5), we can see that they are compatible forä = 0 and K F RW = 0, i.e., an apparently flat universe. In fact, Eq. 63 can be rewritten as ρ crit (t) = ρ + ρ Λ , where ρ crit (t) := 3k o H 2 /8πG and ρ Λ := Λ/8πG, in agreement with Eq. 6. That is, critical density is equal to the total universe density (sum of matter density ρ and dark energy density ρ Λ ) at any time t. The coincidence between both densities seems to agree with observations, and it is an additional coincidence to the observed time quotient F T ≈ 1.
Since a = t/tô, and defining w := p/ρ as the parameter of the matter state equation, it is found that Eq. 63 and Eq. 64 are compatible if and only if w = −1. A solution for Λ and Gρ is given by:
If Λ is finite and constant, there are two possibilities:
1. In the limit as t approaches 0, w approaches −1/3.
2. If Λ = 0, it is expected that Λt 2 = 3 for a certain t, causing that w → ∞ and this is impossible.
As Λ is constant, it necessarily must satisfy that Λ = 0 and w = −1/3 for any time t. This value is compatible with the dark matter equation of state obtained from the rotational curves of galaxies in [41, 42] . However, the proposed model must be checked with other observables, especially from CMB and kSZ cluster data, which exclude inhomogeneous models as the LTB cosmologies at 1Gpc scale [43] .
V. INTERPRETATION OF THE MODEL A. Obtaining the metric
The metric presented in this work cannot be obtained from FRW universes because these combine a static spatial manifold (the most general case of homogeneous and isotropic) and an arbitrary scale factor that depends on time t. The scale factor is not derived from the spatial manifold but from the Friedmann equations, i.e. it depends on the matter content according to the Einstein field equations. In contrast, the proposed metric is directly obtained from an embedded manifold, which is homogeneous and isotropic according to a static reference system (chart C). The scale factor is directly derived from the expansion of the spatial submanifold and does not depend on the matter contents of the universe (i.e. gravity only perturbs the universe metric, without modifying the global curvature).
The main difference of both procedures is that FRW is obtained using an intrinsic view of the space-time while the proposed metric is obtained from an extrinsic view, i.e. the space-time is embedded into a higher dimensional manifold. The key is to find an adequate transformation from extrinsic to intrinsic view, satisfying the equivalence of proper time measurements. Particularly, it is used a deformation T t that expands the spatial section up to the current time t to measure a correct proper time (of a comoving path). Note that, if T t0 is used instead of T t , the proper time is also correct but Eq. 30 becomes a static FRW metric (without scale factor, and then it is an unrealistic universe).
In addition, to obtain a critical density ρ crit compatible with observations (Sect. IV.B), a local normalisation of the curvature is required as k = 1. If β is chosen as a constant for all spatial positions, it must be β = 0. For this purpose, we need to find an adequate projection f i that satisfies k = 1 (e.g. f 2 is compatible within the two sigma confidence region). In other words, the problem of fitting the proposed model is reduced to find an adequate transformation from the extrinsic view of a symmetric manifold to the intrinsic view of an inhomogeneous manifold.
Note that, for the extrinsic view of the manifold H 4 , it is required to consider a centre or focus O from which we can define the hypersurfaces. The centre O is in the support manifold (M, η 1,4 ), where (H 4 , η 1,4 ) is embedded. This centre is not in the hypersurface S t , all of them would have the point O at t = 0, corresponding to the Big Bang. It is therefore impossible to distinguish points privileged in S 3 t>0 (Copernican principle).
B. Modified Lagrangian density
If we assume that expansion of the universe does not depend on matter content, we can think that GR could be invalid at the cosmological scale. Applying the Friedmann equations at local scale, it is obtained that the expansion is only compatible with the equation of state w = −1/3 for the energy density of the universe, i.e., ρ o = ρ crit and p o = −ρ crit /3. This implies that the Einstein field equations can be written as:
where T m αβ is the stress-energy tensor of the ordinary matter-energy and T o αβ = (ρ o + p o )u α u β − p o g αβ is the stress-energy tensor of the background space-time (universe), with w = −1/3 and energy density equal to ρ crit = 3k o /8πGt 2 . That is, the total Lagrangian density is locally equal to:
where L M is the Lagrangian term of the ordinary massenergy. Note that the curvature term R + 6k o /t 2 corresponds to the local difference between the total Ricci curvature R and the local limit of the Ricci curvature estimated for the empty hyperconical universe, R u ≈ −6k o /t 2 . Therefore, a modified gravity is required for the general case. The simplest modification for the Lagrangian density is given by the general difference ∆R := R − R u , that is:
Therefore, it is a simple type of modified gravity Lagrangian density, which leads to equations similar to those obtained using a flat FRW universe, because the curvature of the universe is subtracted.
As the linear expansion of the proposed universe does not depend on the matter content, Einstein field equations can be applied like in a flat universe with total compensation of the matter effect (deceleration) by a dark energy effect (acceleration). And finally, the local gravity becomes a perturbation theory respect to the (independent) universe metric.
In order to probe this interpretation, we can derive a perturbation metricĝ from the curvature anomalyR := ∆R of the universe, with all the local symmetries given by a flat FRW metric, i.e.: dX 2 =ĝ µνX µX ν = dt 2 −â(t) dr 2 +r 2 dΣ critical density at any time ("flatness problem"). Regarding the observational compatibility, the proposed model leads to an identity between the age of the universe and Hubble time, consistent with a semiempirical quotient close to one within the standard ΛCDM frame. Without curvature, the standard model has a unique solution that satisfies this entity, which is given by Ω Λ = 0.73 and Ω m = 0.27. For these values, a homogeneous local-to-global ratio (H 0(L) /H 0(G) = 1) is obtained. Expansion of the universe is also compatible for the hyperconical model, which obtains a χ 2 0 = 562, the same value that the standard ΛCDM model.
If we assume that Einstein field equations are valid at least locally, the hyperconical universe model shows a t −2 dependence in all Ω terms of the Friedmann equations. With this, matter would have an equation of state such that w = −1/3 with G and Λ constants. To be consistent, this leads to a modified Lagrangian density of the universe, subtracting the term of cosmological curvature. In other words, the gravity becomes a perturbation theory respect a universe expanding regardless of the matter content. With this, the ΛCDM model can be interpreted as a local perturbation theory compatible with the hyperconical model.
The two coincidences of the apparent flatness and the age of the universe should not be understood as a mere fortuity that has just happened "today". The proposed model in this work is still a first approximation, but it should be understood as a suggestion to be analysed in greater depth. Particularly, other coordinate transformations should be explored. In addition, it must be checked with other observables, especially from CMB and kSZ cluster data, which exclude LTB models at 1Gpc scale.
